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Abstract. In this paper we investigate the foundations for analysis in 
infinitely-many (independent) variables. We give a topological approach 
to the construction of the regular (T-finite Kirtadze-Pantsulaia measure 
on R°° (the usual completion of the Yamasaki-Kharazishvili measure), 
which is an infinite dimensional version of the classical method of con- 
structing Lebesgue measure on R" (see |YA1| . [KHj and |KP2j '). First 
we show that von Neumann's theory of infinite tensor product Hilbert 
spaces already implies that a natural version of Lebesgue measure must 
exist on Using this insight, we define the canonical version of 

I/^[R°°, Aoo], which allows us to construct Lebesgue measure on R°° and 
analogues of Lebesgue and Gaussian measure for every separable Ba- 
nach space with a Schauder basis. When "H is a Elilbert space and Xn 
is Lebesgue measure restricted to T-L, we define sums and products of 
unbounded operators and the Gaussian density for L^\H, Xu]- We show 
that the Fourier transform induces two different versions of the Pon- 
tryagin duality theory. An interesting new result is that the character 
group changes on infinite dimensional spaces when the Fourier transform 
is treated as an operator. Since our construction provides a complete 
(T-finite measure space, the abstract version of Fubini's theorem allows 
us to extend Young's inequality to every separable Banach space with 
a Schauder basis. We also give constructive examples of partial dif- 
ferential operators in infinitely many variables and briefly discuss the 
famous partial differential equation derived by Phillip Duncan Thomp- 
son [PDT| , on infinite-dimensional phase space to represent an ensemble 
of randomly forced two-dimensional viscous flows. 
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Introduction 

On finite-dimensional space it is useful to think of Lebesgue measure in 
terms of geometric objects (e.g., volume, surface area, etc.). Thus, it is nat- 
ural to expect that this measure will leave these objects invariant under 
translations and rotations, so that rotational and translational invariance is 
an intrinsic property of Lebesgue measure. However, we then find ourselves 
disappointed when we try to use this property to help define Lebesgue mea- 
sure on R°°. A more fundamental problem is that the natural Borel algebra 
for ;B[M°°], does not allow an outer measure (since the measure of any 
open set is infinite). 
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The lack of any definitive understanding of the cause for this lack of invari- 
ance on M.°° has led some researchers to believe that it is not possible to have 
a reasonable version of Lebesgue measure on M.°° (see, for example, DaPrato 
[DP] or Bakhtin and Mattingly [BM] ). In many applications, the study of 
infinite dimensional analysis is restricted to separable Hilbert spaces, using 
Gaussian measure as a replacement for (the supposed nonexistent) Lebesgue 
measure. In some cases the Hilbert space structure arises as a natural state 
space for the modeling of systems. In other cases, both the Hilbert spaces 
and probability measures are imposed for mathematical convenience and 
are physically artificial and limiting. However, all reasonable models of in- 
finite dimensional (physical) systems require some functional constraint on 
the effects of all but a finite number of variables. Thus, what is needed, in 
general, is the imposition of constraints on the functions while preserving 
the modeling freedom associated with infinitely-many independent variables 
(in some well-defined sense). Any attempt to solve this problem necessarily 
implies a theory of Lebsegue measure on M°° . 

Even if a reasonable theory of Lebsegue measure on M°° exists, this is 
not sufficient to make it useful in engineering and science. In addition, 
all the tools developed for finite-dimensional analysis, differential operators, 
Fourier transforms, etc are also required. Furthermore, researchers need 
operational control over the convergence properties of these tools. In par- 
ticular, one must be able to approximate an infinite-dimensional problem as 
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a natural limit of the finite-dimensional case in a manner that lends itself 
to computational implementation. This implies that a useful approach also 
has a well-developed theory of convergence for infinite sums and products 
of unbounded linear operators. 



Historical Background 

Research into the general problem of Lebesgue measure on infinite- 
dimensional vector spaces and in particular, has a long and varied past, 
with participants living in a number of different countries, during times 
when scientific communication was constrained by war, isolation and/or na- 
tional competition. These conditions allowed quite a bit of misinformation 
and folklore to grow up around the subject, so that even experts may have 
a limited view of the history. Our own experience suggest that at least a 
brief survey of some important events is in order. (We do not claim com- 
pleteness and apologize in advance if we fail to mention equally important 
contributions.) 

Early studies in infinite dimensional analysis focused on the foundations 
of probability theory and had a broad base of participation. However, the 
major inputs were made by researchers in Poland, Russia, and France, with 
later contributions from the US. The first important advance of the general 
theory was made in 1933 when Haar [HAJ proved the following theorem: 
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Theorem 0.1. On every locally compact abelian group G there exists a non- 
negative regular measure m (Haar measure) on G, which is not identically 
zero and is translation invariant. That is, m{A+x) = m{A) for every x £ G 
and every Borel set A in G. 

This theorem stimulated interest in the subject and von Neumann jVNl] 
proved that it is the only locally finite left-invariant Borel measure on the 
group (uniqueness up to a mulitplicative constant). Weil [WEj developed an 
axiomatic approach to the subject, made a number of important refinements 
and, proved the "Inverse Weil theorem" (in moderm terms): 

Theorem 0.2. If G is a (separable) topological group and m is a transla- 
tion invariant Borel measure on G, then it is always possible to define an 
equivalent locally compact topology on G. 

In 1946, Oxtoby |0X) initiated the study of translation-invariant Borel 
measures on Polish groups (i.e., complete separable metric groups). In this 
paper, Oxtoby provides a proof of the following result which he attributes 
to Ulam: 

Theorem 0.3. Let G be any complete separable metric group which is not 
locally compact, and let m he any left-invariant Borel measure in G. Then ev- 
ery neighborhood contains an uncountable number of disjoint mutually con- 
gruent sets of equal finite positive measure. 

Stated another way, he proved that 
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Theorem 0.4. There always exists a left-invariant Borel measure on any 
Polish group which assigns positive finite measure to at least one set and 
vanishes on singletons. However, a locally finite measure is possible if and 
only if the group is locally compact. 

(In 1967, Vershik [V] proved a related result for probability measures.) 
Apparently uninformed of Oxtoby's work, In 1959 Sudakov [SUJ indepen- 
dently proved a special case of Theorem 0.4: If is regarded as a linear 
topological space, then there does not exist a a-finite translation-invariant 
Borel measure for In 1964, Elliott and Morse [EM] developed a general 
theory of translation invariant product measures (non-cr-finite) and, in 1965, 
C. C. Moore |MQj initiated the study of measures that are translation in- 
variant with respect to vectors in Rq° (i-e., the set of sequences that are zero 
except for a finite number of terms). This work was extended and refined 
by Hih [Hlj in 1971. 

Motivated by Kakutani's work on infinite product measures [KA], a num- 
ber of young Japanese researchers entered the field. In 1973, Hamachi [HAj 
made major improvements on Hill's work which, indirectly suggested the 
problem of identifying the largest group T, of admissible translations in the 
sense of invariance for any cj-finite Borel measure ^ on which assigns 
the value of one to [— ^, ^]*^° and is metrically transitivity with respect to 

(equivalently, for each A with n{A) > 0, there is a sequence (/i^) € 
such that /x(M°° \ Uf^iiA + /i^)) = 0). 
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Yamasaki ^YAlj solved this problem in 1980. Unaware of the Yamasaki's 
proof, 

Kharazishvili independently solved the same problem in 1984. In 1991 Kir- 
tadze and Pantsulaia |KP1| provided yet another solution (see also Pantsu- 
laia [PA| ) . Finally, In 2007, Kirtadze and Pantsulaia proved that, if /I is the 
completion of the measure then: (see |KP2) ) 

Theorem 0.5. The measure Ji is the unique regular a-finite measure on M°° 
(uniqueness up to a mulitplicative constant), which is assigns the value one 
to the set [— ^,^]^°, is invariant under translations from the group £i and 
has the metrically transitivity property with respect to ii. 

In the mean time, in 1991 Baker [BAlj . unaware of the Elliott-Morse 
measures, dropped the requirement that the measure be cr-finite and con- 
structed a translation invariant measure, v, on (see also Baker (2004), 
|BA2j ). In 1992, Ritter and Hewitt |RH] constructed a translation invariant 
measure related to that of Elliott Morse. 

Starting in 2007, A. M. Vershik (see |Vlj . |V2j . |V3j and references con- 
tained therein) started an investigation of an infinite-dimensional analogue 
of Lebesgue measure that is constructed in a different manner than that 
studied in the previous papers. Roughly stated, he considers the weak limit 
as n — )• oo of invariant measures on certain homogeneous spaces (hypersur- 
faces of high dimension) of the Cartan subgroup of the Lie groups SL(n, R) 
(i.e., the subgroups of diagonal matrices with unit determinant). Vershik's 
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measure is also unique and invariant under the multiplicative group of pos- 
itive functions, suggesting that a logarithmic transformation may lead to a 
version of the measure in this paper. (The paper of Vandev |VAj should also 
be consulted.) 

Purpose. The purpose of this paper is to show that a minor change in 
the way we represent ]R°° makes it possible to construct a cj-finite regular 
version of Lebesgue measure using basic methods of measure theory from R"". 
Since the measure is regular, it turns out to be the Kirtadze and Pantsulaia 
[KPlj measure, which is unique (see Theorem 0.5). Using our approach, we 
construct an analogue of both Lebesgue and Gaussian measure (countably 
additive) on every (classical) separable Banach space with a Schauder basis. 
The version of Gaussian measure constructed is also rotationally invariant 
(a property not shared by Wiener measure). This approach also allows us 
to satisfy all the requirements of a useful infinite dimensional theory. 

Summary. In the first section, we show how von Neumann's infinite ten- 
sor product Hilbert space theory implies that a natural version of Lebesgue 
measure must exist on M°° and points to a possible approach. In the first 
part of Section 2, we show that a slight change in thinking about the cause 
for problems with unbounded measures on M°° makes the construction of 
Lebesgue measure not only possible, but no more difficult then the same 
construction on M". (We denote it by M^, for reasons that are discussed in 
this section.) We also provide natural analogues of Lebesgue and Gaussian 
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measure for every separable Banach space with a Schauder basis and show 
that ii is the maximal translation invariant subspace. In the last part of 
Section 2, we show that £2 is the maximal rotation invariant subspace. In 
Section 3, we study the convergence properties of infinite sums and products 
of bounded and unbounded linear operators. In Section 4, we investigate 
some of the function spaces over Mf and in Section 5, we discuss Fourier 
transforms and Pontryagin duality theory for Banach spaces. A major result 
is that there are two different extensions of the Pontrjagin Duality theory 
for infinite dimensional spaces. In this section, we also show that our the- 
ory allows us to extend Young's inequality to ever separable Banach space 
with a Schauder basis. In Section 6, we give some constructive examples 
of partial differential operators in infinitely many variables. This allows us 
to briefly discuss the famous partial differential equation derived by Phillip 
Duncan Thompson |PDTj . on infinite-dimensional phase space to represent 
an ensemble of randomly forced two-dimensional viscous fiows. 

1. Why Aoo Must Exist 

In order to see that some reasonable version of Lebesgue measure must 
exist, we need to review von Neumann's infinite tensor product Hilbert 
space theory |VN2) . To do this, we first define infinite products of complex 
numbers. (There are a number of other possibilities, see jGU| and fPAj, 
pg. 272-274.) In order to avoid trivialities, we always assume that, in any 
product, all terms are nonzero. 
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Definition 1.1. If {zi} is a sequence of complex numbers indexed by i & N 
(the natural numbers), 

(1) We say that the product HieN convergent with limit z if, for 
every e > 0, there is a finite set J{e) such that, for all finite sets 
J C N, with J(e) C J , we have jlliej — z\ < e. 

(2) We say that the product IlieN -^^ quasi- convergent ^/HieN 1-^*1 
convergent. (If the product is quasi-convergent, but not convergent, 
we assign it the value zero.) 

We note that 

(1.1) < I I Zj < oo'ii and only if > |1 — z, | < oo. 



Let Hi = L2[]R, A] for each i G N and let ^| = ®f^^L'^[M., A] be the infinite 
tensor product of von Neumann. To see what this object looks like: 



Definition 1.2. Let g = ® Qi and h = hi be in 

(1) We say that g is strongly equivalent to h (g =^ h) if and only if 

E |1 - {9i,hi)i\ < oo . 

(2) We say that g is weakly equivalent to h (g =^ h) if and only if 

E |1 - l(5'i,/ii>il I < oo- 



Proofs of the following may be found in von Neumann |VN2j (see also 
[GZ], [GZl]). 
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Lemma 1.3. We have g h if and only if there exist Zi, \zi \ = 1, such 
that (8) Zigi (8) /ij. 

Theorem 1.4. The relations defined above are equivalence relations on 
which decomposes T-L'^ into disjoint equivalence classes (orthogonal sub- 
spaces). 

Definition 1.5. For g = (8) G we define 'H'^{g) to be the closed 
subspace generated by the span of all h=^g and we call it the strong partial 
tensor product space generated by the vector g. (von Neumann called it an 
incomplete tensor product space.) 

Theorem 1.6. For the partial tensor product spaces, we have the following: 

(1) If hi 7^ gi occurs for at most a finite number of i, then h = (g) /ij 
9 = ® 9i- 

(2) The space H|, (g) is the closure of the linear span of h = ® such 
that hi / gi occurs for at most a finite number of i. 

(3) If g = ®ieN9i o-nd h = ®i^^hi are in different equivalence classes of 
Hi, then {g, h)^ = HieN {9i, hi)i = 0. 

{4)nU9r= © [Kihy]. 

h=^g 

(5) For each g, 'H%{gY is a separable Hilbert space. 

(6) For each g, TiKg)'^ is not a separable Hilbert space. 

It follows from (6) that = (8)i^ii^[M, A] is not a separable Hilbert 
space. 
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From (5), we see that it is reasonable to define L^[R°^, Aqo] = 'H'^{hY, for 
some h = 0^ihi. This definition is ambiguous, but, in most applications, 
the particular version does not matter. To remove the ambiguity, we should 
identify a canonical version of /i = (^^j^/ii. Any reasonable version of Aqo 
should satisfy Aoo(-^o) = 1) where / = [^, ^] and /q = x^^i-^- 

Definition 1.7. Ifxi the indicator function for I and hi = xi, we set h = 
0^ihi. We define the canonical version o/L^[M°°, Aqo] = L'^m°° , ^oojihY . 

2. Lebesgue Measure on Rf 

2.1. The Construction. We now have the problem of identifying the mea- 
sure space associated with L^[M°°, Aoo](^)^- In the historical approach to the 
construction of infinite products of measures {/i/t. A; G N} on R°°, the cho- 
sen topology defines open sets to be the (cartesian) product of an arbitrary 
finite number of open sets in M, while the remaining infinite number are 
copies of M (cylindrical sets). The success of Kolmogorov's work on the 
foundations of probability theory naturally led to the condition that /Xfc(M) 
be finite for all but a finite number of k (see |K0] ) . Thus, any attempt 
to construct Lebesgue measure via this approach starts out a failure in the 
beginning. However, Kolmogorov's approach is not the only way to induce 
a total measure of one for the spaces under consideration. 

Our definition of the canonical version of L^[M°°, Aqo] offers another ap- 
proach. To see how, consider a simple extension of the theory on M. Let 
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/ = [-^,^] and define M/ = M x /i, where h = x I. If <B(M) is the 

i=2 

Borel (T-algebra for M, let be the Borel cr-algebra for M/. For each 

set A G with A(^) < oo, let Aj be the corresponding set in !B(M/), 

Ai = Ax Ii. We define Aoo(^/) by: 



We can construct a theory of Lebesgue measure on M/ that completely par- 
allels that on M. This suggests that we use Lebesgue measure and replace 
the (tail end of the) infinite product of copies of M by infinite products of 
copies of /. The purpose of this section is to provide such a construction. 
Since we will be studying unbounded measures, for consistency, we use the 
following conventions: • oo = and • oo°° = oo. 

Recall that M°° is the set of all x = (xi, X2, • • where Xi € M. This is a 
linear space which is not a Banach space. However, it is a complete metric 
space with metric given by: 



Remark 2.1. M°° is a special case of a Polish space, which Banach called 
a Frechet space i.e., a Polish space with a translation invariant metric (see 
Banach [BAj ). The topology generated by d(-, •) is generally known as the 
TychonojJ topology. 

oo 

For each n, define M" = M"' x I„, where I„ = x /. 



oo 



oo 



Aoo(^/) = A(A) X J]A(/) = A(A). 




i=n+l 
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Definition 2.2. If An = A x In, Bn = B x In are any sets in Wj, then we 
define: 

(1) AnUBn = AUB X In, 

(2) AnnBn = AnB X In, and 

(3) B^n = B'x In. 

In order to avoid confusion, we always assume that lo = x^-^I CM). We 
can now define the topology for M" via the following class of open sets: 

On = {Un:Un = U X In, U Open in M"} . 

2.1.1. Definition of Rf. It is easy to see that W} C Mj+^ Since this is an 
increasing sequence, we can define M!f by: 

R'f = limn_,ooIRf = U Mi . 

k=l 

Let Ti be the topology on R'f^ = Xi induced by the class of open sets D 
defined by: 

oo oo 

0=\JOn=\J{Un:Un = UxIn,U Open in R"}, 

n=l n=l 

and let T2 be topology on R°° \ R'^ = X2 induced by the metric ^2, for 
which d2{x, y) = 1, X ^ y and ^2(3;, y) = 0, x = y, for all x,y E X2- 

Definition 2.3. We define (M.f,T) to be the sum (Xi,ri) and {3l2,T2), so 
that every open set in (Rj°,t) is union of two disjoint sets Gi U G2, where 
Gi is open in {Xi,ti) and G2 is open in (X2,T2). 
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It now follows from the above construction that = M°° as sets. (How- 
ever, they are not equal as topological spaces.) The following result shows 
that convergence in the r-topology always implies convergence in the Ty- 
chonoff topology. 

Theorem 2.4. // converges to x in the r-topology, then y^ converges to 
X in the Tychonoff topology. 

Proof. Case 1. If x e M°° \ R'f then there is N such that yk = x for aU 
k > N. Indeed, for a neighborhood of diameter i about x, there is a TV 
such that d2{x,yk) < 1/2 for all k > N. This means that y^ = x for k > N 
{{z : d2{x,z) < 1/2} only contains x), so that yk converges to x in the 
Tychonoff topology. 

Case 2. If a; G M!f and yk converges to x, then for any neighborhood 
Un C On, there is N such that or all k > N, yk E Un- This means that 
yk £ R'T ioi k > N, so that yk converges to x in the Tychonoff topology. □ 

2.1.2. Definition of 55(M^). In a similar manner, if *B(Mj) is the Borel 
cr-algebra for M" (i.e., the smallest cr-algebra generated by the On), then 
Q3(M?) C QS(M^+^), so we can define <B'(Mf ) by: 

^\Rf) = lim™^B(Mf) = U *B(M^). 

k=l 

If V{-) denotes a powerset of a set (i.e., V{A) = {X : X C A}), let *B(Mf ) 
be the smallest a-algebra containing Q5'(Mf ) U r{Rf \ U^^M^). (It is 
obvious that the class *8(Mj°) coincides with Borel cr-algebra generated by 
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the r-topology on M°°.) From our definition of QS(Mf°) we see that *B(M°°) C 
Q5(Mj°) and the containment is proper. 

Theorem 2.5. Aoo(-) is a measure on Q5(R"), equivalent to n-dimensional 

Lebesgue measure on M". 

oo 

Proof. If ^ = X Ai e *B(Mj), then X{Ai) = 1 for i > n so that the series 

i=l 

Aoo(^) = rii^i H^i) always converges. Furthermore, 

(2.1) < Aoo(^) = MA) = IT , HA) = A„( X Ai). 

-*--*-i=i -•■-*-i=i j=i 

n 

Since sets of the type A = x Ai generate *8(M'*), we see that Xoo{-), re- 

i=l 

stricted to Wj, is equivalent to An(-). □ 

Corollary 2.6. The measure Aoo(-) is both translationally and rotationally 
invariant on (M^,<8[M^]). 

2.2. The Extension to Wf. It is not obvious that Aoo(-) can be extended 
to a countably additive measure on *8(M|°). 

Definition 2.7. Let 

Ao = {Kn = Kxin e Q3(M?) C Q5(Mf ) : n G N, K is compact and < Aoo(i^n) < 
A = {Piv = (J.^^ Kn„Ne N; G Aq and Aoo(i^„, n K^J = 0,1^ m}. 
Definition 2.8. // Pn E A, we define 
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Since P/v G ^{Wj) for some n, and Aoo(-) is a measure on 5S(Mj), the 
next result follows: 

Lemma 2.9. // Pni , Pn^ G ^ then: 

(1) //Pjvi C Pn^, then Aoo(PiVi) < Xoc{Pn,). 

(2) // Aoo(PjVi n Piva) = 0, i/ien Aoo(PiVi U PjvJ = Xoo{Pn2) + ^ociPN^)- 
Definition 2.10. If G C Wf is any open set, we define: 



Aoo(G) = lim sup{Aoo(P7v) : Pjv G A, P^v c G, } . 



Theorem 2.11. If O is the class of open sets in *8(M|°), we have: 

(1) Aoo(Mf ) = oo. 

(2) IfGi, G2 e £), Gi C G2, then Aoo(Gi) < Aoo(G2). 

(3) If{Gk}cD, then 

(4) // the Gk are disjoint, then 

Proof. The proof of (1) is standard. To prove (2), observe that 

{Pn ■ Pn C Gi} C [P'm : P^ C G2} , 

so that Aoo(Gi) < Aoo(G2). To prove (3), let P/v C Ufeli<^fc- Since Pn 
is compact, there is a finite number of the G^ which cover Pjv, so that 
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Pn C IJfc=i^fc- Now, for each Gk, there is a Pn^. C Gk- Furthermore, as 
Pjv is arbitrary, we can assume that Pjv = P'n = Ufe=i ■ Since there is 
an n such that all Pn,, & 53 (Mj), we may also assume that Xoo{Pni H-Pat^) = 
0, I ^m. We now have that 

L L oo 

Aoo(-FW) = XoojPNk) ^ ^Aoo(Gfe) ^ Aoo(Gfc). 
fe=l fc=l A;=l 

It follows that 

If the Gk are disjoint, observe that if Pn C P'm, 

L 

\oo{P'm) > Aoo(JV) = 5I^oo(JVj. 

fc=i 

It follows that 

This is true for all L so that this, combined with (3), gives our result. □ 

If F is an arbitrary compact set in 5B(MJ^), we define 
(2.2) Aoo(F) = inf {Aoo(G) : FcG, G open} . 

Remark 2.12. At this point we see the power o/Q3(Mf ). Unlike <B(M°°), 
equation (2.2) is well-defined for Q5(Rj°) because it has a sufficient number 
of open sets of finite measure. 

Theorem 2.13. Equation (2.2) is consistent with Definition 2.6 and the 
results of Theorem 2.11. 
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Definition 2.14. Let A be an arbitrary set in MJ°. 

(1) The outer measure (on Wf) is defined by: 

X*^{A) = inf {Aoo(G) : AcG, G open} . 

We let £,0 be the class of all A with (A) < oo . 

(2) If A ^ £yQ, we define the inner measure of A by 

Aoo^(^)(^) = sup{Aoo(-f) ■ F C A, F compact} . 

(3) We say that A is a bounded measurable set if X^{A) = X^^(^^-^{A), 
and define the measure of A, Aoo(^), by Aoo(^) = K>o^)- 

Theorem 2.15. Let A, B and {Ak} be arbitrary sets in with finite 
outer measure. 

(1) A,„,(,)(^)<A^(^). 

(2) IfAcB then A^(A) < A^(B) and A^,(,)(yl) < A^,(,)(B). 

(3) >^M=iAk)<Ek=i^loiAk). 

(4) If the {Ak} are disjoint, Aoc^(^)(|J^i ^fc) > Efeli -^oo,(*)(^fc)- 

Proof. The proofs of (1) and (2) are straightforward. To prove (3), let £ > 
be given. Then, for each k, there exists an open set Gk such that Ak C Gk 

and Aoo(Gfc) < A^(^fc) + £2-^ Since (Ur=i ^k) C (Ur=i Gk), we have 

Since s is arbitrary, we are done. 
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To prove (4), let Fi, F2, . . . , Fjy be compact subsets of ^1, A2, ■ ■ ■ , Aj^, 
respectively. Since the Aj. are disjoint, 

Thus, 

Since AT is arbitrary, we are done. □ 
The next two important theorems follow from the last one. 

Theorem 2.16. (Regularity) If A has finite measure, then for every e > 
there exist a compact set F and an open set G such that F G A G G, with 
XooiG\F)<e. 

Proof. Let £ > be given. Since A has finite measure, it follows from our 
definitions of Xoo,{*) K>o that there is a compact set F C A and an open 
set G D A such that 

Aoo(G) < A^(^) + f and \^{F) > \^^^,){A) - ^. 

Since Xoo{G) = Xoo{F) + \oo{G\F), we have: 

Aoo(G \ F) = Aoo(G) - Aoo(i^) < (Aoo(^) + f) - (Aoo(^) -§) = £• 



□ 
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Theorem 2.17. (Countable Additivity) If the family {A^} consists of dis- 
joint sets with hounded measure and A = IJfc^i ^fc; with \*^{A) < oo. then 



Definition 2.18. Let A he an arbitrary set in Wf . We say that A is mea- 
surable if A D M £ £o for all M £ £,q. In this case, we define Aoo(^) 
by: 

Xoo{A) =sup{Aoo(^nM) : M c £o} • 
We let Sjf' ^6 class of all measurable sets A. 

Proofs of the following results are standard (see Jones [J], pages 48-52). 

Theorem 2.19. Let A and {A^} be arbitrary sets in 

(1) // XloiA) < oo, then A € 2o if and only if A € 2f. In this case. 



(2) £^ is closed under countable unions, countable intersections, differ- 
ences and complements. 



Proof. Since A^(A) < oo, we have: 



It follows that Xoo{A) = Aj^(^) = Aoo,(*)(^), so that 




□ 



Aoo(^) = A^(yl). 
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(3) 

(4) // {Ak} are disjoint, 

(5) If Aj^ C Aj^^i for all k, then 

I iCxD 

(6) // C /or all k and Aoo(^i) < oo, then 

Aoo(| , , Ak) = lim Aoo(^fe). 

' 'k=l fe->oo 

We end this section with an important result that relates Borel sets to 
£^-measurable sets (Lebesgue). 

Theorem 2.20. Let A be a -measurable set. Then there exists a Borel 
set F and a set N with Aoo(iV) = such that A = FUN. 

Thus, we see that Aoo(-) is a regular countably additive (T-finite Borel 
measure on = R°° (as sets). More important is the fact that the de- 
velopment is no more difficult than the corresponding theory for Lebesgue 
measure on M". 

Throughout the remainder of the paper we will also use 53 [M^] for its 
completion Qf when convenient. This should cause no confusion since the 
given context will always be clear. 
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2.3. Separable Banach Spaces. In order to see what other advantages 
our construction of (M'^, *8[MJ°], Aoo(-)) offers, in this section we study sep- 
arable Banach spaces. Let B be any separable Banach space. 
Recall that (see Diestel (Dij, page 32): 

Definition 2.21. A sequence [un) is called a Schauder basis for B if 
llunllg = 1 and, for each f £ B, there is a unique sequence (an) of scalars 
such that 

En 
, CLkUk- 
k=l 

Definition 2.22. A sequence is called an absolutely convergent 

Schauder basis for B if Yl^=i Iknlle < ^ ^'^^j ^ac/i f £ B, there is 
a unique sequence (bn) of scalars such that 

En 
, bkVk. 
k=l 

Lemma 2.23. Let be a Schauder basis for B, then there exists an 

absolutely convergent Schauder basis for B. 

Proof. Let (u„) = (fn-). Then 

oo oo II II oo ^ 

n=l n=l n=l 

To see that {vn) is a Schauder basis for B, let f £ B. By definition, there is 
a unique sequence (a„) of scalars such that 

En 
, CLkUk- 
k=l 
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If we take the sequence = (2"a„), then 




□ 



It is known that most of the natural separable Banach spaces, and all that 
have any use for applications in analysis, have a Schauder basis. In partic- 
ular, it is easy to see from the definition of a Schauder basis that, for any 
sequence (flji) G representing a function f G B, we have lim^_^QQ 

an = 0. 

It follows that every separable Banach space (with a Schauder basis) is iso- 
morphic to a subspace of Mj°. 

Let Bj be the set of all sequences (a„) for which lim„_^oo J2k=i ^k'^k exists 
in B. Define 



defined by T{f) = (afe) for f = lim„_^oo Ylk=i ^k^k € B, is an isomorphism 
from B onto Bj. 

Let H be a separable Banach space with a Schauder basis and let Bi = 
T[B]. If 05(23/) = Binm[Rf], we define the a-algebra generated on B, and 
associated with 05 (H/) by: 

05/ [H] = {T-^iA) I A e 05 [B/] } =: T'^ {05 [Bi]} . 




Lemma 2.24. An operator 



T:{B,\\-\\b)^{Bi,\\-\\b,), 
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Note that, just as 55 [M°^] C 53 [Mf], we also have ^[B] C ^i[B] (with the 
containment proper). 

Theorem 2.25. Let A G ^i{B) and set \b{A) = \oo[T{A)]. Let Ag he the 
completion of Xq, then Xb is a non-zero a-finite Borel measure on B. 

Proof. Let {vk} be an absolutely convergent Schauder basis. We first prove 
that, for any L > and any sequence (ofc) G [— L, L]^°, the function / = 
YlT=i '^k^k £ 13. We then prove that Ag is nonzero. 
Part 1 

Let L be given. Since (vn) is an absolutely convergent Schauder basis, 
given £ > we can choose N such that Y1T=N ll^fcll < f- follows that, for 
N < m < n, we have 



k=m 



k=m 

Thus, the sequence {/n}, defined by /„ = Ylk=i '^kVk^ is a Cauchy sequence 
in B. Since B is a Banach space, the sequence converges. 
Part 2 

To prove that Xs is nonzero, it suffices to show that Ag \T~'^ (Jq)] ^ 0, 
where (/q) = ["^j ^l*^"- First, we note that T is an injective linear map into 
Mf , so that B = T-\lo) G ^i{B). Thus, 

As(S) = Aoo [T {T-\Lo))] = Aoo(/o) = 1- 

□ 



28 GILL, PANTSULAIA, AND ZACHARY 

2.4. Translations. In the theorem below, we will provide a new proof that 
d-i is the largest (dense) group of admissible translations for Wf ^ so neces- 
sarily ii is the largest group of admissible translations for every separable 
Banach space B. 

Recall that h{x) = ®^^ihk{xk), where hk{xk) = 1, for Xk € [— ^,|]- It 
follows from du = hdXao , that u is absolutely continuous with respect to Aoo* 
Thus, is equivalent to Aqo- Let be the set of admissible translations 
for Rf (i.e., Aoo[^ - x] = X^[A] for ah A G *B[Mf ] and x G Ta^). 

Theorem 2.26. If A G 55 [Mf] then Xoo[A - x] = Xoo[A] if and only if 

Proof. Suppose that x £ £i. Since ~ Aoo, we have that = l^x^ (see 
Yamasaki |YA1] ). Thus, it suffices to prove that v[A — x\ = By 
Kakutani's Theorem ( |KAj . see also |HHKj pg. 116), v[A - x] ~ ^[A] if and 
only if 



f'QO 

(2.3) / a/ hk ivk) hk ivk - Xk)dX{yk) > 0. 

^ J — oo 



k=l 

Now, 

V hk iVk) hk ivk - Xk)dX{yk) = / ^ ^ ^ ^ dX{yk) = (l-|xfc|)+, 

where r+ = max(0,r). Since x G £i, HfeLn ~ > for n large 

enough. Thus, equation (2.3) will be satisfied for every x G ^i, so that 
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Now, suppose that x G ^^Aoo' so that Aoo[^ — x] = Aoo[^] for all A G 
55 [Mf]. Thus, for A G 03 [R^], we have 

oo 

\oo[A - x] = \n[An - Xn] ■ A { [- ^ , i] H [- ^ - Xfc , ^ - Xfe] } 

k=n+l 

oo oo 
= Xn[An\- n A{[-i,i] n [-i -Xfc]} = A„K] • JJ (l-kfcl) 

A:=n+1 fc=n+l 

oo 

If An = In = x^^-^[— we have 1 = lim Y\ (1 ~ I* follows 

that Yl'k=i \^k\ < oo, so that x £ ii. □ 

In closing, we note that, since X^o is complete and regular, it is metrically 
transitivity with respect to Mq°. It follows from Theorem 0.5 that Aqo is 
unique (this comment also applies to Ag). 



2.5. Gaussian measure. If we replace Lebesgue measure by the infinite 
product Gaussian measure, ^oo, on M°°, we get countable additivity but 
lose rotational invariance. Furthermore, the /ioo measure of I2 is zero. On 
the other hand, another approach is to use the standard projection method 
onto finite dimensional subspaces to construct a probability measure directly 
on I2. In this case, we recover rotational invariance but not translation 
invariance (and lose countable additivity). The resolution of this problem 
led to the development of the Wiener measure [WSRMj and this is where 
we are today. A nice discussion of this and related issues can be found in 
Dunford and Schwartz |DS| (see pg. 402). 
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We now turn to take a look at infinite product Gaussian measure from 
our new perspective. The canonical Gaussian measure on M is defined by: 

1 r 

^^^^"^ ^ ^^^1 — 2~ I 
Recall that /i^o = "^feLiM is countably additive on M.°°, but its measure of 
£2 is zero. If we introduce a scaled version of Gaussian measure on Wf, we 
can resolve this difficulty. We seek a family of variances {c^} such that 

00 

fiBiB) = ® fik{T[B] = 1, 

k=l 

where jik is a linear Gaussian measure on R with parameters (0, cjfc) for 
k e N and is defined by: 

00 

Hb{B) = ® Hk{T[B]), 

k=l 

for any Borel subset B oi B. 

Lemma 2.27. Let {<7^} be a family of variances such that 

00 

fc=l 

then fiB (^~^([~-^) -^1^°)) > for every positive number L. 

Proof. Let {X^} be the family of independent Gaussian random variables 
defined on some common probability space, {CI, 03, P[-]), with law Hk- If 
X = iXi,X2,...), then 

P [[u en\X{u;) G [-L,^]^''}] = P [fX^^W en\Xk{u;)e [-L,L]} 

= nr=i Pli^'^^l ^ ^]}] ^ nr=i ~ I^) ' Chebyshev's inequality. 
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Clearly the product is positive. We are done since B = r~^([— L, e 
03 (H) and 

m{B) = (®r=i/^fe) [nT-W-L.Lf")]) = P [{a; e^\X{u) e i-^Lf"] 



□ 



Theorem 2.28. If the family of variances {cr^} satisfies the stronger con- 
dition 



(2.4) 



OO 9 
^-^ I T.J 



< OO 



fc=l 



Xk\ 



for some sequence (xk) G ii, then = 1. 



Proof. By definition, if f G B and is a Schauder basis for B, then 
there is a sequence of scalars (a^) such that / = Iim„_^oo J2k=i ^k^k- Since 

Tif) = (afe), 



Kan)\\\Bj = sup 

n 



E 

k=l 



akUk 



El 

,A;=1 



so that, if (a„) G ^i, then (a„) G T{B) = Bj. 

Suppose that there is a sequence (xk) G £i such that such that the in- 
equality (2.3) is satisfied. As in Lemma 2.24, by Chebyshev's inequality and 
inequality (2.3) we have 



\-^k\ ^ 1 \-^k\ ^ 



> 0. 
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If A, = i?" X (x^^„^J- \xk\^'^ , then C A^+i and A„ C Bi for 

all natural n. Thus, we have 

^lb[T-HI3i)] > lim f,B[T-HAn)] 

oo oo / 2 \ 

= hm Yl fik{[-\xk\'^\\xk\'^^])> lim n (l-^)=l. 

A:=n+1 k=n+l ^ I "^l/ 

□ 

Definition 2.29. We call fiB o, scaled version of Gaussian measure for B. 

Theorem 2.30. The measure jiB is a countably additive version of Gaussian 
measure on B. 

In particular, observe that we obtain a countably additive version of 
Gaussian measure for both (.2 and Co[0, 1] (the continuous functions x{t) 
on [0,1] with 2;(0) = 0). 

2.6. Rotational Invariance. In this section we study rotational invariance 
on subspaces of (MJ°, *B7[M°°] Aqo)- First, we need a little more information 
about Gaussian measures on vector spaces. (See Yamasaki [YAj . pg. 151, 
for a proof of the next Theorem). 

Let be a a real vector space, let F"" be its algebraic dual space, and 
let 'Bj- be the smallest cr-algebra such that £(x) is measurable for each 
functional £ G J-"" and all x G 

Theorem 2.31. If ^ is a measure on (-F", ^j-), then the following are 
equivalent. 



CONSTRUCTIVE ANALYSIS IN INFINITELY MANY VARIABLES 33 

(1) The Fourier transform of /i, jl, is of the form: 

il{x) = exp{-i (x,x)} , 

for some inner product on T . 

(2) For every x ^ J-, the distribution of 2,{x) is a one- dimensional 
Gaussian measure. 

In this general setting, a measure is said to be Gaussian on (J^", 
if it satisfies either of the above conditions. 

Example 2.32. Let T = KJ^, the set of sequences that are zero except for a 
finite number of terms and let {■, ■) be the inner product on Mj^. It is easy 
to show that the corresponding measure on T"" = ( satisfying either (1) 
or (2) above) is the infinite product Gaussian measure. 

To understand the importance of this example, let (a„) be any sequence 
of positive numbers and let 



The proof of the following is due to Yamasaki ( |YA| . pg. 153). 
Lemma 2.33. //a € i2, ^[^J = 1; and if a ^ £2, Ai[^a] = 0. 

Now, let us note that the standard one-dimensional Gaussian density. 



(2.5) 




which is normally written as fx{x) = [\/27r] ^exp{ — \ \x\^}, may also be 
written as fx{x) = exp{—TT with no factors of \/27r if we scale x — )• 
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— i= . With this convention, we can write the infinite dimensional version for 

V 27r 



L/^\}i, A-^] as the derivative of the Gaussian distribution //-^ with respect to 
the Lebesgue measure on %: 



(2.6) /(x) = exp{-7r|x|^} 



2 I ^ dfini^) 



This shows that, with the appropriate definition of Lebesgue measure, there 
is a corresponding density for a Gaussian distribution on Hilbert space. 

Remark 2.34. In the general case (see DePrato |DP] ). when Q is a (positive 
definite) trace-class operator andx is a Gaussian random variable with mean 
m and covariance Q, we can write equation (2.6) as: 



/(x) = [det Q]-i/2 exp {-vr {Q-\x - m), (x - m)>^} 



Definition 2.35. A rotation onT-L is a bijective isometry U :% ^ %. 

It is well-known that /u-^ is invariant under rotations over {%, 53-^) (see 
Yamasaki [YAj . pg. 163). 

Theorem 2.36. The measure, A-^, is invariant under rotations and =: 
(T~-'^(^2)) is dense in % and the maximal rotation invariance subspace for 
A^. 

Proof. Let any measurable set A G 53-^. If U is any rotation on Ti, then 
fi-}i{UA) = fJ-ni^) and |C^x|^ = |x|^. It follows from equation (2.6) that 
XniUA) = Xn{A). 
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It follows from G^R GH, that $H is dense, and from Lemma 2.33 that 
9\ is maximal. □ 



Discussion. In this section, we have shown that what appears to be a 
minor change in the way we represent M°° makes it possible to define an 
analogue of both Lebesgue and Gaussian measure (countably additive) on 
every (classical) separable Banach space with a Schauder basis. Further- 
more, our version of Gaussian measure is rotationally invariant, a property 
not shared by Wiener measure. (What is more important, we have obtained 
our core results using basic methods of Lebesgue measure theory from R".) 



3. Operators 

This section provides the background to understand the relationship be- 
tween operators defined on 'H'^ (which is nonseparable), and their restriction 
to H'^{h). We also obtain general conditions that allow us to define infinite 
sums and products of linear operators on H'^ {h) for a given h. 

3.1. Bounded Operators on T-L'^. In this section we review the class of 
bounded operators on T-L"^ and their relationship to those on each Hi. Many 
of the results are originally due to von Neumann |VN2) . However, the proofs 
are new or simplified versions (some from the literature). 
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Let L[H'^] be the set of bounded operators on ^|,. For each fixed io £ 
and Aig G L{Hio), define Ai^ G by: 

N N 
k=l k=l 

Ylk=i '^ie^Qi ™ AT finite but arbitrary. Extending to all of 

T-L'^ produces an isometric isomorphism of L[HiQ] into which we 

denote by L[H(io)]) so that the relationship L[Hi] -H- L['H{i)] is an isometric 
isomorphism of algebras. Let L*[7:^|,] be the uniform closure of the algebra 
generated by {L[n(i)], i G N}. It is clear that L*[n'^] C L[n'^]. von 
Neumann has shown that the inclusion becomes equality if and only if N is 
replaced by a finite set. On the other hand, clearly consists of all 

operators on that are generated directly from the family i G 

N} by algebraic and topological processes. 

Let Pg denote the projection from H|, onto H^igY, and let denote 
the projection from Ti'^ onto 7i'^{g)'^ . 

Theorem 3.1. //T G L*{'Hl), then P^T = TP^ and P^T = TP^. 

Proof. The weak case follows from the strong case, so we prove that P^T = 
TP*. Since vectors of the form G = J2k=i '^ieNdi, with = gi for all 
but a finite number of i, are dense in H^igY; it suffices to show that T/ G 
T-L'^{gY . Now, T G L#(^|,) imphes that there exists a sequence of operators 
T„ such that ||T — T„|||g, ^ as n — >■ oo, where each T„ is of the form: 
T„ = Ylk=i^k'^k ^ wHYl a complex scalar, Nn < oo, and each = 
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(8ijgMfeTfci®igis}\Mfe-^i for some finite set of i-values M^, where Ij is tlie identity 
operator on T-Li- Hence, 

Now, it is easy to see that, for each I, ®i(,MkTug\ ®im\mt, 9\ ®im9i- 
It follows that Tnf e n^igY for each n, so that T„ G L['H|(5)*]. Since 
L['H'^{gy] is a norm closed algebra, T G L['H'^{gy] and it follows that 
P^T = TP^. □ 

Let Zi e C, \zi\ = 1, and define U[z] by: U[z] (8)ieN Si = <^jeN^i5i- 

Theorem 3.2. T/te operator U[z\ has a unique extension to a unitary op- 
erator on T-i"^, which we also denote by U[z\, such that: 

(1) U[z] : nligr ^ nligr, so that P^'U[z] = U[z]P^' . 

(2) // Y\j^ Zv is quasi-convergent but not convergent, then U[z] : 
nligY for some h G ^K^)"' with g±h. 

(3) U[z\ : 'H^{gY — >■ 'H^i^gY if and only ifYl^Zi converges and U[z\ = 
(Ri^i)^®' where 1^ is the identity operator on This implies 
that P^J7[z] = U[z]Pl. 

Proof. For (1), let h = Y^k=i®i&^^^ ^ where ®i^-nh^ ®i&igi, N is arbi- 
trary and l^k^N. Then 

N 

U*[z]U[z]h = ^®i^^z*zih^i = h = U[z]U*[z]h. 
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Thus, we see that U[z] is a unitary operator, and since h of the above 
form are dense, U[z] extends to a unitary operator on By def- 

inition, Ef=i ®ieN^i/if G Kig)" if Ek=i^ienK £ nl{gT , so that 
C/[z] : nligT 'H'iigT and P^C/[z] = C/[z]P^. To prove (2), use The- 
orem 1.6 (3) and (4) to note that Hi -^i = and (gjjgN^f =^ ®i&%gi imply 
that ®i(.nzih\ G ?^|(/)' with nl{fy±nl{gy. To prove (3), note that, if 
< irii Zi\ < oo, then U[z] = [(Hi so that U[z] : UUgf ^ ■UligY . 

Now suppose that U[z] : %%{gY %%{gy , then (gjjgN^^j/if ®i&m 
and so Hi -^j must converge. Therefore, C/[z]/i = [(rii-^j)!®]^ and P^?7[z] = 
C/[z]P^. 

It is easy to see that, for each fixed i G N, A{i) G L\H{iy\ commutes with 
any P^, P^ or C/[z], where g and z are arbitrary. □ 

Theorem 3.3. Every T G commutes with all P^, P^ an(f U[z], 

where g and z are arbitrary. 

Proof. Let £ be the set of all P*, P^ or C/[z], with g and z arbitrary. From 
the above observation, we see that ah Ai G L['H(i)], i G N, commute with 
£ and hence belong to its commutator Since 2! is a closed algebra, this 
implies that C £' so that all T G L*[n%] commute with £. □ 

3.2. Unbounded Operators on H"^. In this section, we consider a re- 
stricted class of unbounded operators and the notion of a strong convergence 
vector introduced by Reed [RE| . 
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For each i G N, let Ai be a closed densely defined linear operator on 
Hi, with domain D{Ai), and let Ai be its extension to with domain 
D{Ai) D D{Ai) = D{Ai) (g) {0k^i7ik)- The next theorem follows directly 
from the definition of the tensor product of semigroups. 

Theorem 3.4. Let Ai, 1 ^ i ^ n, be generators of a family of Co- 
semigroups Si{t) on Hi with ||5'i(t)||^. ^ Mje'*''*. Then Sn{t) = 'S)i=i,nSi{t), 
defined on ®i=i,nWi; has a unique extension (also denoted by Sn(t)) to all 
ofH\, such that, for all vectors Y^^=i '^iGNdf with g^ G D{Ai), 1 ^ I ^ n, 
the infinitesimal generator for Sn{t) satisfies: 



K 
.k=l 



n K 
1=1 k=l 



Definition 3.5. Let {Ai}, i EN, be a family of closed densely defined linear 
operators onHi and let gi G D{Ai) (respectively, fi G D{Ai)), with \\gi\\f^ = 
1 (respectively, = Ij; for all i G N. 

(1) We say that g = (E'jgN^i o, strong convergence sum (scs)-vector for 
the family {Ai} if s ^_lim^l^^Akg = YlkLiAk9ki^'^^9i) exists. 

(2) We say that f = <Sii^nfi is a strong convergence product (scp)-vector 
for the family {Ai} if s - \lin.Y\^^^Akf = ^ieN^ifi exists. 

Let Dg be the linear span of {% = <SiienXi, Xi ^ D{Ai)}, with Xi = 9i 
(and let Dj^ be the linear span of {rj = ^i^mVij Vi ^ -C(^j)}, with rji = fi) 
for all i > L, where L is arbitrary but finite. Clearly, Dg is dense in H^igY 
(D^ is dense in H%{fy). If there is a possible chance for confusion, we 
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let As, respectively Ap, denote the closure of X^^Li -4,^ on 'H'^{gY (respec- 
tively nr=i A on It follows that UHgY (respectively 

axe natural spaces for the study of infinite sums or products of unbounded 
operators. (The notion of a strong convergence sum vector first appeared in 
Reed [RE].) 

Definition 3.6. We callU^igY an US -space (respectively, 'H^{fy anTZV- 
space ) for the family {Ai}. 

Let {Uk{t)} be a set of unitary groups on {T-Lk}- It is easy to see that 
U{t) = ®^^iUk(t) is a unitary group on T-L'^. However, we know from 
Theorem 3.2 (2), that it need not be reduced on any partial tensor product 
subspace. The following results are due to Streit [ST] and Reed [RE], as 
indicated. 

Theorem 3.7. (Streit) Suppose {Ak} is a set of self adjoint linear operators 
on the space 'H%{gy , with corresponding unitary groups {Uk{ty\. IfU{t) = 
®^i?7fe(i), then P^?7(t) = U(t)Pl (i.e., U{t) is reduced on V-^igY ) and 
U{t) is a strongly continuous unitary group on 'H'^{gY if o,nd only if, for 
each c > 0, the following three conditions are satisfied: 

(1) Efcll l(A^fc[-C,c]5rfc,C/fc)| < OO, 

(2) j:^=Ai^l^k[-c,c]gk,gk)\, 

(3) E^i I ((4 - Ek[-c,c]gk,gk)\ < oo. 
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where Ek[—c,c] are the spectral projectors of Ak and, in this case, U{t) = 
s-limn-^-oo <Sil=iUk{t). 

Corollary 3.8. Conditions 1-3 are satisfied if and only if there exists a 
strong convergence vector g = (^^i^fc for the family {A^} such that gk G 
D{Ak) and 

1^^^ \{Akgk,gk)\ < oo, 2^^^_^ WAkgkW < oo. 

Theorem 3.9. (Reed) U(t) is reduced on 7i^{gy and U{t) is a strongly 
continuous unitary group on 'H'^{gY if and only if g = ^^iS" is a strong 
convergence vector for the family {A^} and Yl'k^i K-^feS'fcj S'fc)! < oo. If each 
Ak is positive, the statement is true without the above condition. In either 
case. A, the closure o/X]feLi>^A;; the generator ofU{t). 

The next result strengthens and extends Reed's theorem to contraction 
semigroups (i.e., the positivity requirement above can be dropped). 

Theorem 3.10. Let {Sk{t)} he a family of strongly continuous contraction 
semigroups with generators {A^} defined on \%k}, and let g = (8)^i5a; be 
a strong convergence vector for the family {Ak}. Then S{t) = 'S>'kLiSk{t) 
is reduced on T-L'^{gy and is a strongly continuous contraction semigroup. 
If S{t) = 'Si'^=iSk{t) is reduced on H^igy and is a strongly continuous 
contraction semigroup on 'H%{gy , then there exists a strong convergence 
vector f = ®'^^Jk e 'H%{gy for the family {Ak}. 
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Proof. Let g = ^'^igk be a strong convergence vector for the family 
{Ak}. Without loss, we can assume that \\gk\\ = 1. Let S„(t) = 
(8'fc=i5'fe(t)(§)((S)^^^]^/fc) and observe that S„(t) is a contraction semigroup 
on 'H^{gy for all finite n . Furthermore, its generator is the closure of 
A"' = Ylk=i "^k, where Ak = A^'Sii'Si'^i^Ii)- If n and m are arbitrary, then 

[Sn{t) - Sm{t)]g = J^' -^{Sn[Xt]Sm[il - \)t]} gdX 

= t C S„[At]S^[(l - \)t] - A"^] gdX, 
Jo 

where we have used the fact that, if two semigroups commute, then their 
corresponding generators also commute. It follows that: 

\\[Snit)-Smit)]g\\<t\\[A''-A"']g\\. 

Since g = <8)^i5 is a strong convergence vector for the family {^fc}, it fol- 
lows that 

s — lim^j^oo Sn(i) = S(t) exists on a dense set in 'H^^gY and the convergence 
is uniform on bounded t intervals. It follows that S(t) extends to a bounded 
linear operator on 7i'^{g)^. To see that the closure of S(t) must be a con- 
traction, for any e > 0, choose n so large that ||[S„(t) — S{t)] g\\i^ < e \\g\\i^- 
It follows that 

\\S{t)g\\^ ^ \\Sn{t)g\\^ + II [Sn{t) - S(t)] g\\^ < \\g\\^ (1 + e). 

Thus, S{t) is a contraction operator on H^{gY. It is easy to check that it 
is a Co-semigroup. 
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Now suppose that S{t) = (§'^^iSk{t) is a strongly continuous contraction 
semigroup which is reduced on H^igy. It follows that the generator A of 
S{t) is m-dissipative, and hence defined on a dense domain D{A) in Ti'^igY 
with S'{t)f = S{t)Af = AS{t)f for all / G D{A). Since any such / is of the 
form / = Yl'ili <^fcLi/fe) each /' = iSikLifi D{A). A simple computation 
shows that Af'' = YlT=i ■^kf-, so that any /' is a strong convergence vector 
for the family {^fe}. □ 

It is easy to see that, in the second part of the theorem, we cannot require 
that g = (Xi^^^fc itself be a strong convergence vector for the family {^fc} 
since it need not be in the domain of A. For example, gi ^ D[Ai), while 
gk G D{Ak), k^l. 

4. Function Spaces 

Let xin be the indicator (or characteristic) function of = x^^^^I. If 
we let represent the class of measurable functions on M", then for each 

measurable function /„ G ii(M") we identify / G ii(M") by / = /„ (g) xi„- 

Definition 4.1. A real-valued function f defined on the measure space 
(Mf ,<8[Mf ],Aoo) is said to be measurable if f-^{A) G Q5[Mf] for every 
^G «[M]. 

In this section we develop those aspects of function space theory that 
will be of use later. We note that all the standard theorems for Lebesgue 
measure apply. (The proofs are the same as for integration on R".) 
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4.1. L-'^-Theory. Let L-'^[Mj] be the class of integrable functions on W}. 
Since L^{W}) C L^{W}+^), we define L^fM'^] = (J^i L^{W}) and let L^[Rf] 
be the norm closure of L^[R'f]. It follows that every function in L^[M^] is 
the limit of a sequence of functions in L^[MJ}''], for some sequence {n^} C N. 

Let Cc(M") be the class of continuous functions on which vanish out- 
side compact sets. We define Cc(Mf ) to be the closure of U^iCc(M7) = 
Cc(M'7°) in the sup norm. Thus, for any / G Cc(Mj°), there always exists a 
sequence of functions {/n^,} G Cc(Mj'°) such that -> /, for some sequence 
{rik} C N. We define Co(Mj°), the functions that vanish at oo, in the same 
manner. 

Lemma 4.2. If f £ Cc(Mf ) or Co(Mf'), then f is continuous. 

Proof. Let /(x) G Cc(M'f ) and let {x„ | n = 1, 2, . . . } be any sequence in W} 
such that x„ — )• X as n — )• oo. If £ > is given, choose Ki so that for k > Ki 
and fk G Cc(Mf ), |/fc(x„) - /(x„)| < |. Then choose K2 so that for k > 
K2, |A(x) - /(x)| < |. Choose N so that for n>N, |/fc(x„) - /fe(x)| < |. 
If n > iV and k > maK{Ki, K2}, we have: 

|/(x„) - /(x)| < |/fe(x„) - /(x„)| + |/fe(x) - /fe(x„)| + |A(x) - /(x)| < e. 
The same proof applies to Co(Mj°) □ 
Theorem 4.3. Cc(Mf ) is dense in L^{Rf ). 

Proof. We prove this result in the standard manner, by reducing the proof to 
positive simple functions and then to one characteristic function and finally 
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using the approximation theorem to approximate a measurable set which 
contains a closed set and is contained in an open set. 

First note that, since limfe^oo \\fXBi{o,k) - = for ah f e (by the 
DCT), we can prove the result for functions that vanish outside a compact 
set. In this case, as / = /+ — /_, we need only consider positive /. How- 
ever, this function can be approximated by simple functions in S-\-. Since 
each simple function is a finite sum of characteristic functions (of bounded 
measurable sets) multiplied by finite constants, it follows that we need only 
show that we can approximate the characteristic function of a bounded mea- 
surable set by a continuous function which vanishes outside a compact set. 
Let £ > be given and let g = XA, where A is any bounded measurable set. 
By the regularity of Aoo, there exists an open set O and a compact set H 
with H cAcO said Aoo(0 \H) <e. 

Let {Vn} be the class of open intervals with rational end points. For each 
n G N, let F„ C and G„ C (O \ be compact sets, such that 

Aoo[(0 \ Fn U Gn)] <^.UH = n^=i[F„ U Gn], then Aoo(0 \H)<e. 

li X e H, there is an n such that f{x) G Vn and x G G^, so that glG^ n 
H] C Vn- It follows that g restricted to H is continuous and Aoo(^ \ H) < 
\ooiO\H)<e. □ 

In a similar fashion we can define the spaces, 1 < p < oo. We should 
note that, each space is defined relative to the family of indicator functions 
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for /. Thus, each space is the canonical one for that particular class of 
spaces. 

5. Fourier Transform Theory 

In this section, we study the implications of Lebesgue measure on M°° for 
the Fourier transform and discuss two different extensions of the Pontrjagin 
Duality theory for Banach spaces. 

Background. Let G be a locally compact abelian (LCA) group (c.f., M"). 
The following is a restatement of Theorem 0.1 (see Rudin |RU1] ). 

Theorem 5.1. If G is a LCA group and 'B(G) is the Borel a-algebra of 
subsets of G, then there is a non-negative regular translation invariant mea- 
sure /i (i.e., fi(g + A) = fJ-{A), A G The (Haar) measure /i is unique 
up to multiplication by a constant. 

Definition 5.2. A complex valued function a : G ^ C on a LCA group is 
called a character on G provided that a is a homomorphism and \oi{g)\ = 1 
for all g G G. 

The set of all continuous characters of G defines a new group G, called 
the dual group of G and (ai + 02) (g) = ai{g) • 02(5). If we define a map 
7 : G — )• G, by 7g(a) = C({g), then the following theorem was proven by 
Pontryagin: 



CONSTRUCTIVE ANALYSIS IN INFINITELY MANY VARIABLES 47 

Theorem 5.3. (Pontryagin Duality Theorem) If G is a LCA-group, then 
the mapping ^ : G ^ G is an isomorphism of topological groups. 

Thus, Pontrjagin Duahty identifies those groups that are the character 
groups of their character groups. If the group is not locahy compact The- 
orem 5.1 does not hold (e.g., there is no Haar measure). However Kaplan 
[KAlj has shown that the class of topological abelian groups for which the 
Pontrjagin Duality holds is closed under the operation of taking infinite 
products of groups. This result immediately implies that this class is larger 
than the class of locally compact abelian groups because the infinite product 
of locally compact groups (for example, i?°°) may be non-locally compact 
(see also [EM])- 

5.1. Pontryagin Duality Theory I. In this section, we treat the Fourier 
transform as an operator. As will be seen, this approach has the advantage 
of being constructive. It also provides us with some insight into the problem 
that arises when we look at analysis on infinite dimensional spaces. 



We define ^ on Li[M,A] by 




It is easy to check that 5^ is defined by 
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This representation is more convenient for the infinite-dimensional case, be- 
cause we have no factors of \p2/K to worry about. 

It is possible to define 5^ as a mapping on L^[IR", A] to Co[M", A] for all n 
as one fixed linear operator. However, in the case of Hilbert spaces, Theorem 
3.2(2) requires that we clearly specify our canonical domain and range space. 
The same is also true for Li[M7,A](/i) and Co[M",A](/i) (see [GZ]). Since 
h = ®^=iXi{xk)i an easy calculation shows that h = <X'fcLi^^ifj~- Thus, 
we can define 5^(/„)(x), mapping J^[W}]{h) into Co[M?](/i) by 

(5.1) 5(/„))(x) = €DLi^fe(/(n)) ®t=n+i hkixk). 

Theorem 5.4. The operator 5 extends to a bounded linear mapping of 
L'^[Rf]{h) into Co[M.f]{h). 

Proof. Since 

oo 

lim L^[M?](/i) = I I LH^/KM = L\M.'f]{h) 

n=l 

and L'^[Rf]{h) is the closure of L^[R"f]{h) in the - norm, it follows that 
3^ is a bounded linear mapping of L^[M/Y']{h) into Co[K^](/i). 

Supposed that {/„} C L^[R'f]ih), converges to / G L'^[M.f]{h). Thus, 
the sequence is Cauchy, so that ||/n — /m|li — as m, n — )• oo. It follows 
that 

15 (/n(x) - /m(x))| ^ / |/„(y) - fm{y)\ dXooiy) = Wfn - fm\\i , 
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SO that |5 (/n(x) — /m(x))| is a Cauchy sequence in Co[M^](/i). Since 
L^[M!f^]{h) is dense in L^[M.f]{h), it follows that ^ has a bounded extension, 
mapping L^[Rf]{h) into Co[Mf □ 

5.2. L^-Theory. In the case of L^, the Fourier transform is an isometric 
isomorphism from L^[R"] onto L^[R"]. 

Theorem 5.5. The operator^ is an isometric isomorphism of L'^[U.j^]{h) 
onto L^[Rf]{h). 

Proof. Let / G L'^[M.f]{h). By construction, there exists a sequence of 
functions {fk G L^fM^'^], nfe G N} such that lim \\f - fkhW = 0. Pur- 

fe— >-oo 

thermore, since the sequence converges, it is a Cauchy sequence. Hence, 
given £ > 0, there exists a N(e) such that m, n > N{e) implies that 
Wfm-fnhih) < £■ Since ^ is an isometry, \\^{fm) - ^{fn)\\2ih) < £, 
so that the sequence d{fk) is also a Cauchy sequence in L^[M^](/i). Thus, 
there is a / G L'^[Rf^]{h) with lim / — ^{fk) {h) = 0, and we can define 



fc— >oo 



2 



-Sif) = /• It is easy to see that / is unique. □ 

We can also prove a version of Theorems 5.4 and 5.5 for every separable 
Banach space (with a basis). Fix B and for each n, let Bj=Bri M". It 
is clear that B'^ C B^'^^, so that B is the norm closure of lim B'^. The 
following have the same proofs as Theorems 5.4 and 5.5. 

Theorem 5.6. The operator ^ extends to a bounded linear mapping of 
L^[B]{h) into Co[B]{h). 
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Theorem 5.7. The operator ^ is an isometric isomorphism from L'^[B]{h) 
onto L'^[B]{h). 



Theorems 5.4 - 5.7 show that ®'^ihi is a strong (product) convergence 
vector for the Fourier transform operator ^. In the L^-theory, we know that 
L2[Mf](/i) and L'^^f]{h) are orthogonal subspaces of 71%. Thus, in this 
approach, the natural interpretation is that the Fourier transform induces a 
Pontryagin duality like theory that does not depend on the group structure of 
Wf, but depends on the pairing of different function spaces. This approach 
is direct, constructive and applies to all separable Banach spaces (with a 
basis). Thus, the group structure of the underlying measure space plays no 
role. 

5.3. Pontryagin Duality Theory II. In this section, we show that the 
standard form of Pontryagin duality theory is also possible, using the un- 
derlying measure space group structure. It is constructive but restrictive, in 
that, it does not apply to every separable Banach space with a basis. 

Let B be any uniformly convex separable Banach space UCB over the 
reals, so that B = B** (second dual). The next theorem follows from our 
theory of Lebesgue measure on Banach spaces. 

Theorem 5.8. // \b is our version of Lebesgue measure on B, then B and 
B* are also duals as character groups (i.e., B* = B). 
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Proof. If we consider the restriction to L'^[B,\b], we can define 5 directly 
by: 

(5.2) [5(/)](x*) = /(x*) = / exp{-27ri (y, x*)}/(y)dAB(y), 

Jb 

where (y,x*) is the pairing between B and B*. Prom Plancherel's Theorem, 
we have: 

|/ 

It follows that B and B* are duals as character groups and 



^=(/'/)2 = (/'/)2 = ll/ll2- 



/(y)= / exp{27rz(2/,x*)}/(x*)(^AB*(x*). 
JB* 



□ 



If Bf = Bj n Wj^, we can represent directly as a mapping from 
L2[Hp,AB]^L2[s;'",As*],by 

[;?(/„)](x*) = /„(x*)= / exp{-27ri(y,x*)J/„(y)dAB(y), 

Jb 

where (y,x*)^ is the restricted pairing of y and x* to B'j and B*/"" respec- 
tively. It follows that equations 5.1 and 5.2 provide two distinct definitions 
of the Fourier transform for B. Thus, in this approach the group structure 
of the underlying measure space changes. 

It is clear that representation for /(x*) also applies if we use L^[B,Xb], 
but in this case /(x*) G Co[H*]. 

If we define y(-) mapping B ^ C, hy y(x) = expj— 27ri (y, x*)}, then 
y(x) is a character of B. Furthermore, it is easy to see that (yi + y2)(x) = 
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yi(x)-y2(x). We now have the extension of the Pontryagin Duahty Theorem 
to all UCB (with a basis). 



7x(y) = y(x), is an isomorphism of topological groups. 



In case B = T-L, is a Hilbert space, we can replace equation (5.2) by 



Jn 

so that H is self-dual (as expected). From equation (5.3), we also get the 
expected result that: 



In closing, we observe that by Theorem 2.31 (see Example 2.32), if we 
use Gaussian measure on M°°, the dual character groups are M°° and M°° = 
Mo°- Prom this we see that probability measures on (R°°, *8[M°°]) induce a 
different character theory compared to that induced by Aoo on (Wf , *B[R|°]). 

5.4. L^-Theory. We can obtain LP[MJ^] as in the construction of L^[M^]. 
In this section we want to show the power of our approach to measure 
theory by establishing a version of Young's Theorem for every separable 
Banach space with a Schauder basis: 

Theorem 5.10. (Young) Letp,q,r G [l,oo] with 



Theorem 5.9. If B is a UCB, then the mapping '■ B ^ B, defined by 



(5.3) 




5" exp{— 7r|x|^} = exp{— TT |x||^}. 



1 _ 1 
r p 



1-1. 
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/// G LP[RJ°] and g G L^[Wf]j then the convolution of f andg, f*g, exists 
(a.s.), belongs to and 

\\f*9\\r^\\f\\p\\9K- 

Corollary 5.11. Let B he a separable Banach space with a Schauder basis 
and let p,q,r G [1, oo] with 

1 1 1 

- = - + - -1. 

r p q 

If f £ LP[B] and g £ L''[B], then the convolution of f and g, f * g, exists 
(a.s.), belongs to L'^[B] and 

\\f*9\\r^\\f\\p\\9\\g- 

In order to prove Theorem 5.10, we first need the appropriate version of 
Fubini's Theorem. Since (Mj°, Aqo) is a complete cr-finite measure space, 
a proof of the following may be found in Royden |R0| (see Theorems 19 and 
20, pgs. 269-270): 

Theorem 5.12. (Fubini) If f e L'^[M.f x Rf], then 

(1) for almost all x G Wf the function fx defined by fx{y) = fix,y) G 

(2) for almost all y G the function fy defined by fy{x) = f{x,y) G 
L^[Rf]{x): 

(3) f^^ fix,y)dXM G mr]ix); 

(4) J^^f{x,y)dXo.{x)eL[Rf]{y); 



54 



GILL, PANTSULAIA, AND ZACHARY 



(5) 



f{x,y)dXoo{y) 



d\oo{x) = I 


/ f{x,y)dXoo{x) 


dXoo{y) 




JRf 





Theorem 5.13. Let f,g G L^[MJ°], then {f * g){x) exists (a.s.); that is 
f{y)g{x -y) e L^[Rf]. In addition, f*ge L^[Rf] and 

ll/*5lli^ll/lliNli- 

Proof. First, it is easy to see that f{y)g{x — y) is a measurable function 
on M^. (There is no change from the case of R".) We can apply Fubini's 
theorem to get that: 



{f*9) {x)dXoo{x) 



/ dXooix) / f{y)g{x - y)dXooiy) = / dXooiy) 
= / fiy)dXoo{y) ■ / g{x)dXooix). 



f {y)g{x - y)dXoo{x) 



It follows from the last equality that ||/ * ^ H^Hi- 



□ 



5.4.1. Proof of Young's Theorem. 
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Proof. First, assume that / and g are nonnegative and 
Let ^ = 1 — I and ^ = 1 — i. Now note that 



l^llg = 1- 



- + ^ + ^ = -+(l--) + (l--] =1; 
r q p r \ Q J \ P , 



r / \q r J \ p ^ 



If we use Holder's inequahty (for three functions), we can write (/ * g){x) 



as: 



f{yYg{x-yyd\Uy) 
This last inequality shows that 



l/r 



1/q' 



1/p' 



{f*9) (x) ^ 



{f*9nx)^ 



l/r 



f{yfg{x-yYd\^{y) 



fiyfgix-yydXM 



{f*9nx)^{r*g''){x) 



From Theorem 5.13, we have ||(/* gY\\i ^ ||/^|li Wd'^Wi = 1- In the general 
case, we know that |/| * \g\ exists (a.e.), so that \f{y)g{x — y)\ £ L^[R.f]. 
But then, f{y)g{x - y) G ^^[Mf ]. □ 



In closing we note that, Beckner [BE] and Brascamp-Lieb [BLj have 
shown that on M" we can write Young's inequality as ll/*^!!^ ^ 
(C'p,g,r;n)" ll/llp ll^llgi where Cp^g,r;n < 1 is sharp. We conjecture that 1 is 
the sharp constant for M^. 
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6. Partial Differential Operators (Examples) 

In this section, we give examples of strong product and sum vectors for 
differential operators that have found interest in infinite dimensional analy- 
sis. 



Definition 6.1. For xGM, 0<y<oo and 1 < a < oo define g{x, y), h{x) 
by: 

5(a;,y) = exp{-?/V"^}, 



h{x) = < 



l-OO 

/ 9{x,y)dy, xe[-q^,^\, 
Jo 



otherwise . 



The following properties of g are easy to check: 



(2) 



dg{x,y) 
dx 



= -iay"'e'"'''g{x,y), 



dg{x,y) _ _a-ljax 



dy 



ay--'e'-^-g{x,y), 



so that 



(3) 



ly 



dg{x, y) dg{x, y) 



dy dx 

It is also easy to see that h{x) is in L^[]R] for x G [—^i 5^] and, 



(6.1) 



dh{x) _ rdg{x,yl^^^ r iy ^'^^'^^yh y. 



dx 



dx 



dy 



CONSTRUCTIVE ANALYSIS IN INFINITELY MANY VARIABLES 57 

Integration by parts in the last expression of equation (6.1) shows that 
h!{x) = -ih{x), so that h{x) = ^(0)e-*^ for x G [-^,5^]- Since ^(0) = 
exp{—y"'}dy, an additional integration by parts shows that ^(0) = r(i + 

!)• 

Let a = j^, h{x) = hs(x), x e [—j^,^], where < e ^ 1, and define 



(6.2) /,(x) = <^ 



0, \x\ ^ e/2, 

where c is the standard normalizing constant. We now define ^{x) = {h * 
fs){x), so that spt(^) = [— ^, ^] = Is- Thus, ^{x) = 0, x ^ 1^ and otherwise, 



^(x) = / h[x - z\fe{z)dz = e 
J —00 

It follows from this that: 



"OO 



e^, X E Is 

0, X^Ie 



Define = A and. 



— XfcLl-^E) J^n — Xfe^n+l ^^d, A^ — (8)fcLiA£. 



Example 6.2. In this example, we let hk{xk) = a^^^{ixk), for each 

k e N so that Dkhk = hk , for Xk G /. Let LjlR^f] = L^[W},Xl^]. If 
D°° = UkLi^k and fn € Ll[W}] n D(D°°), we can define D°° on W} by 
D~/„(x) = D-/„(x) = U?=iDif(n){x) (0£„+i/i/) , (a.s). This opera- 
tor is well-defined and has a closed densely defined extension to [Mj°] (/i) , 
where h = ®'j^^-Jik. Thus, h is a strong product vector for D°°. 
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The operator D°° is required if we want to obtain the probability den- 
sity for a distribution function. (Note, by construction the density can be 
approximated from below by densities in a finite number of variables.) 

In the following example, we construct a general elliptic operator on 

Example 6.3. If V = {Di,D2, • • •) and at : M.f -^R is a bounded analytic 
function for each k eN, then let (t{x) = {ai{x), cr2{x), ■ ■ ■). We assume that 



j,k=l k=l 



We can now define Aqo by: 



^aj{x)Djak{x). 



Aoo = (o-(x) • V)^ = J2 ^j{x)uk{,x)DjDk + ^ hk{x)Dk. 

j,k=l k=l 

For the same version of L'^[M.f] as in the last example, if Qn G L^[]Rj] n 
I?(Aoo) and Cn{x) = 'Yl'^=n+i^3i^)\-^j^k{x)\, then Aqo is defined on Wf 
and 

n n 

^oo9n{x) = ^ aj{x)ak{x)DjDkgn{x) + YbkDk\lj{x) + Cn{x)gn{x). 

j,k=l k=l 

In order to obtain the same equation with Cn{x) = 0, we use the version 
o/L^[Rj°] defined with hk = ^i{0), k > n + 1. In this case, for gn{x) G 
L'^lM.f] n D{Aoo), we see that 

n n 

^oo9n{x) = ^ aj{x)ak{x)DjDkgn{x) + 'Ybk{x)Dkgn{x). 
j,k=l k=l 
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In either case, Aqo is well-defined for each n and has a closed densely defined 
extension to L^[RJ°] and gn{x) — t- g{x) implies that lirrin^ao^oognix) = 
Aoo5(a;)- 

It follows that different versions o/L^[MJ°] offer advantages for particular 
types of differential operators. (For other approaches, see jBKj, |GZj and 

The following special cases have appeared in the literature (all can be 
obtained from the last example): 

(1) The natural infinite dimensional Laplacian: 

(2) The nonterminating diffusion generator in infinitely many variables 
(also known as the Ornstein-Uhlenbeck operator): 

The infinite dimensional Laplacian of Umemura |UM] : 

d'^ Xi d \ 
dxf (? dxi J 

Berezanskii and Kondratyev (}BKj. pages 520-521) have also discussed op- 
erators analogous to (2) and (3). 
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6.1. Discussion. In a very interesting paper, Phillip Duncan Thompson 
|PDTj used the amplitudes of a set of orthogonal modes as the co-ordinates 
in an infinite-dimensional phase space. This allowed him to derive the prob- 
ability distribution for an ensemble of randomly forced two-dimensional vis- 
cous flows as the solution of the continuity equation for the phase flow. He 
obtained the following equation for the probability density: 



(6.3) ?l^^M,(.)^-.Y.i- [""'^'1 - E I? = 

k=l fc=l k=l^^k 

where 

^ ^ aiajUk ^lk 
The coefficients vanishes if any two indices are equal, is invariant under 
cyclic permutation of indices and reverses sign under non-cyclic permutation 
of indices, while the coefficients a, and [li are positive constants, determined 
by the problem. Thompson imposed the natural condition 



oo oo 



(6.4) /■■■/ /'(X'*)n'^^fc=i- 



-oo — oo 



At that time, he ran into the obvious mathematical criticism because equa- 
tion (6.4) was meaningless at the time. He also derived the equilibrium 
density 

(6.5) po(x) = Cexp |-izy^a|x|| . 

The results in section 2.5, see also equation (2.5), along with those in section 
4.4, show that Thomson's paper was prescient. 
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7. Conclusion 

In this paper we provided a reasonable version of Lebesgue measure on 
R°°, which together with the standard Gaussian measure on R°°, have al- 
lowed us to construct natural analogues of Lebesgue and Gaussian measure 
for every separable Banach space with a Schauder basis. We have extended 
the Fourier transform to L-'^[M°°, Aqo], L^[^°°,^oo], defined sums and prod- 
ucts of unbounded operators, and presented a few constructive examples of 
partial differential operators in infinitely many variables. 
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